Abstract. In this paper we generalize the linear contravariant connection on Poisson manifolds to Lie algebroids and study its tensors of torsion and curvature. A Poisson connection which depends only on the Poisson bivector and structural functions of the Lie algebroid is given. The notions of complete and horizontal lifts are introduced and their compatibility conditions are pointed out.
Introduction
Poisson manifolds were introduced by A. Lichnerowicz in his famous paper [11] and their properties were later investigated by A. Weinstein [19] . The Poisson manifolds are the smooth manifolds equipped with a Poisson bracket on their ring of functions. The Lie algebroid [12] is a generalization of a Lie algebra and integrable distribution. In fact, a Lie algebroid is a vector bundle with a Lie bracket on his space of sections whose properties are very similar to those of a tangent bundle. We remark that the cotangent bundle of a Poisson manifold has a natural structure of a Lie algebroid [18] . In the last years the various aspects of these subjects have been studied in the different directions of research ( [18] , [15] , [3] , [4] [13] , [10] , [1] , [9] , [2] ). In [16] the author has investigated the properties of connections on a Lie algebroid and together with D. Hrimiuc [8] studied the nonlinear connections of its dual. In [3] the linear contravariant Poisson connections on vector bundle are pointed out. The purpose of this paper is to study some aspects of the geometry of the Lie algebroids endowed with a Poisson structure, which generalize some results on Poisson manifolds to Lie algebroids. The paper is organized as follows. In the section 2 we recall the Cartan calculus and the Schouten-Nijenhuis bracket to the level of a Lie algebroids and introduce the Poisson structure on Lie algebroid. We investigate the properties of linear contravariant connection and its tensors of torsion and curvature. In the last part of this section we find a Poisson connection which depends only on the Poisson bivector and structural functions of Lie algebroid which generalize the results of R. Fernandes from [3] . The section 3 deals with the prolongation of Lie algebroid [7] over the vector bundle projection. We study the properties of the complete lift of a Poisson bivector and introduce the notion of horizontal lift. The compatibility conditions of these bivectors are investigated. We remark that in the particular case of the Lie algebroid (E = T M, σ = Id) some results of G. Mitric and I. Vaisman [15] are obtained.
Lie algebroids
Let us consider a differentiable, n-dimensional manifold M and (T M, π M , M ) its tangent bundle. A Lie algebroid over the manifold M is the triple (E, [·, ·] , σ) where π : E → M is a vector bundle of rank m over M, whose C ∞ (M )-module of sections Γ(E) is equipped with a Lie algebra structure [·, ·] and σ : E → T M is a bundle map (called the anchor) which induces a Lie algebra homomorphism (also denoted σ) from Γ(E) to χ(M ), satisfying the Leibnitz rule
where s i ∈ Γ(E), i = 1, k + 1, and it results that (d E ) 2 = 0. Also, for ξ ∈ Γ(E) one can define the Lie derivative with respect to ξ by
where i ξ is the contraction with ξ. If we take the local coordinates (
are called the structure functions of the Lie algebroid and satisfy the structure equations on Lie algebroid
Particularly, we get
The Schouten-Nijenhuis bracket on E is given by [18] [
Poisson structures on Lie algebroids
Let us consider the bivector (i.e. contravariant, skew-symmetric, 2-section) Π ∈ Γ(∧ 2 E) given by the expression 
If Π is a Poisson bivector then the pair (E, Π) is called a Lie algebroid with Poisson structure. A corresponding Poisson bracket on M is given by
We also have the bundle map π
Let us consider the bracket
where L is Lie derivative and ρ, θ ∈ Γ(E * ). With respect to this bracket and the usual Lie bracket on vector fields, the map σ :
is a Lie algebra homomorphism
The bracket [., .] π satisfies also the Leibnitz rule
and it results that (E * , [., .] π , σ) is a Lie algebroid [13] . Next, we can define the con-
Accordingly, we get the cohomology of Lie algebroid E * with the anchor σ and the bracket [., .] π which generalize the Poisson cohomology of Lichnerowicz for Poisson manifolds [11] . In the following we deal with the notion of contravariant connection on Lie algebroids, which generalize the similar notion on Poisson manifolds [18] , [3] . Definition 2.2 If ρ, θ ∈ Γ(E * ) and Φ, Ψ ∈ Γ(E) then the linear contravariant connection on a Lie algebroid is an application D : Γ(E * ) × Γ(E) → Γ(E) which satisfies the relations:
Definition 2.3
The torsion and curvature of the linear contravariant connection are given by
where ρ, θ, µ ∈ Γ(E * ).
In the local coordinates we define the Christoffel symbols Γ αβ γ considering
and under a change of coordinates
Proposition 2.2 The local components of the torsion and curvature of the linear contravariant connection on a Lie algebroid have the expressions
The contravariant connection induces a contravariant derivative D α : Γ(E) → Γ(E) such that the following relations are fulfilled
Let T be a tensor of type (r, s) with the components T
The local coordinates expression of the contravariant derivative is given by
and / denote the contravariat derivative operator. We recall that a tensor field T on E is called parallel if and only if DT = 0.
Definition 2.4 A contravariant connection D is called a Poisson connection if the Poisson bivector is parallel with respect to D.
Let us consider a contravariant connection D with the Cristoffel symbols Γ αβ γ and associated contravariant derivative. We obtain:
Proposition 2.3 The contravariant connection D with the coefficients given by
Proof. Considering / the contravariant derivative operator with respect to the contravariant connection D, we get
which concludes the proof.
Remark 2.1 Considering the expression
(2.5) Γ αβ γ = σ i γ ∂π αβ ∂x i ,
in (2.4) we obtain a Poisson connection D with the coefficients
Γ αβ γ = σ i γ ∂π αβ ∂x i − 1 2 π γε π αε / β ,
which depends only on the Poisson bivector and structural functions of the Lie algebroid.
Proof. Under a change of coordinates, the structure functions σ i α change by the rule [17] , [14] 
and, by direct computation, follows that the coefficients (2.5) satisfy the transformation law (2.3). Proof. Using relation (2.2) we obtain that π βγ / α = 0 if and only if the required relation is fulfilled.
Theorem 2.1 If the following relation

Proposition 2.4 The set of Poisson connections on Lie algebroid is given by
where Ω 
Proof. By straightforward computation it results
because π βγ / α = 0, which ends the proof.
The prolongation of Lie algebroid over the vector bundle projection
Let (E, π, M ) be a vector bundle. For the projection π : E → M we can construct the prolongation of E (see [7] , [14] , [10] , [16] ). The associated vector bundle is (T E, π 2 , E) where T E = ∪ w∈E T w E with
The projection onto the second factor σ 1 : T E → T E, σ 1 (u, v) = v will be the anchor of a new Lie algebroid over manifold E. An element of T E is said to be vertical if it is in the kernel of the projection π 1 . We will denote (
we will denote by f c and f v the complete and vertical lift to E of f defined by
For s ∈ Γ(E) we can consider the vertical lift of s given by s
) is the canonical isomorphism. There exists a unique vector field s c on E, the complete lift of s satisfying the two following conditions:
). Considering the prolongation T E of E over the projection π, we may introduce the vertical lift s v and the complete lift s c of a section s ∈ Γ(E) as the sections of T E → E given by (see [14] )
Another canonical object on T E is the Euler section C, which is the section of
The local basis of Γ(T E) is given by {X α , V α }, where
and (∂/∂x
i , ∂/∂y α ) is the local basis on T E. The structure functions of T E are given by the following formulas
The vertical lift of a section ρ = ρ α s α and the corresponding vector field are
The expression of the complete lift of a section ρ is
and therefore
In particular s
The coordinate expressions of C and σ 1 (C) are
A nonlinear connection N on T E [17] is an m−dimensional distribution (called horizontal distribution) N : u ∈ E → HT u E ⊂ T E that is supplementary to the vertical distribution. This means that we have the following decomposition
The sections 
The curvature of a connection N on T E is given by Ω = −N h where h is horizontal projector and N h is the Nijenhuis tensor of h. In the local coordinates we have
where R γ αβ are given by (3.1) and represent the local coordinate functions of the curvature tensor Ω in the frame
Compatible Poisson structures
Let us consider the Poisson bivector on Lie algebroid given by relation (2.1). We obtain:
Proof. Using the properties of vertical and complete lifts we obtain Π c = (
Proposition 3.2 The complete lift Π c is a Poisson bivector on T E.
Proof. Using the relations (3.2) and (2.2), by straightforward computation, we obtain that [Π c , Π c ] = 0, which ends the proof. Proof. A direct computation in local coordinates yields
